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The elastic models of radial core-shell nanowires with diffuse interphase boundaries are 
suggested. The concept of eigenstrain is employed to consider a misfit stress distribution 
induced by diffusive interfaces with different range of distinctness. The eigenstrain profile 
described by the misfit parameter is approximated by piecewise-linear, error and arctan-
gent functions. For these approximations the elastic stresses in core-shell nanowires are 
analytically derived, illustrated with plots and discussed in detail. 
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1. INTRODUCTION 

In recent years core-shell nanowires (NWs) with diffuse 
interphase boundaries (IPhBs) have attracted an increas-
ing attention of experimenters, technologists [1–4] and 
theorists [2,4–8]. As the sharp IPhBs with atomically dis-
tinct interface are hardly synthesized in practice due to res-
ervoir effect in the catalyst droplet [9], the diffuse IPhBs 
seems to be more perspective for investigation. For both 
types of IPhBs the elastic stress and strain caused by the 
lattice mismatch at the interface between various core and 
shell materials affect functional properties of the NWs and 
can lead to the generation of crystal structural defects [10].  

The interface indistinctness attributed to the diffuse 
IPhBs and driven by the mutual diffusion penetration of 
core and shell atoms, deteriorates the electron and optical 
properties of these heterostructures [2,5]. Nevertheless, 
this phenomenon inhibits (prevents) the formation of the 
misfit defects due to reduction of the strain energy of the 
lattice mismatch [6,7]. Therefore, the strict theoretical 
models describing the coherent stress-strain state in NWs 
with IPhBs are deemed to be essential to investigate the 
physical foundations of misfit stress relaxation due to the 

nucleation and evolution of defects in modern electronic 
and optoelectronic devices.  

To date, the theoretical models describing the stress-
strain state in axial NWs with a diffuse interface have been 
developed [6–8], while an elastic model of radial NWs 
have not been suggested yet. Besides, the available theo-
retical model of misfit stress relaxation in core-shell het-
erostructures [11–26] employs the analytical expressions 
of the elastic stress induced by eigenstrain defined by 
Heaviside theta function. 

This work aims at providing the theoretical model de-
scribing the misfit stress of core-shell NWs containing the 
diffuse IPhBs with different range of distinctness. The 
piecewise-linear, error and arctangent function approxi-
mations of eigenstrain profile are considered to obtain an-
alytically components of elastic stress of radial core-shell 
NWs. 

2. MODEL 

We consider a cylindrical core-shell NW of radius b con-
taining the diffuse IPhB of radius a consisting of materials 
with the same elastic constants (shear modulus µ and 
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Poisson ratio ν), but with the different core and shell lattice 
constants ca  and sa  respectively (see Fig. 1). In this NW 
the lattice mismatch between core and shell materials in-
duces an elastic strain and stress which could be elucidated 
in terms of eigenstrain deformation ( ) .pl

ijε  Generally, the 
parameter ( )pl

ijε  as a function of the radial coordinate is re-
sponsible for the interface distinctness, i.e., diffusion pen-
etration of core atoms into the shell domain, and vice 
versa.  

According to the concept of eigenstrain, the total strain 
of an elastic cylinder subjected to the residual strain can 
be decomposed as: 

( ) ( ) ,el pl
ij ij ije = ε + ε  (1) 

where ( )el
ijε  are the components of elastic stress tensor, 

( )pl
ij ijfε = δ  is the dilatational misfit of NW, f  = f (r) is a 

misfit profile determining disturbance of the eigenstrain 
inside the NW and ijδ  is Kronecker delta ( 1ijδ =  for i = j, 

0ijδ =  for i ≠ j). 
Taking into consideration the axial-symmetry of the 

problem the non-zero components of the total strain tensor 
in cylindrical coordinate system can be expressed through 
the displacement with following relations:  

,rr
ue
r

∂
=

∂
 (2a) 

,ue
rθθ =  (2b) 

,zz
ue
z

∂
=

∂
 (2c) 

where ( )ru u r=  is radial displacement of NW. It is worth 
noting that axial strain zze  does not depend on either r or z, 
i.e., the Eq. (2c) can be rewritten as zze  = const.  

The non-zero components of elastic stress tensor ijσ  
can be obtained by the Hooke law:  

12 ( ) ,
1 2 1 2rr rre e f rν + ν σ = µ + − − ν − ν 

 (3a) 

12 ( ) ,
1 2 1 2

e e f rθθ θθ

ν + ν σ = µ + − − ν − ν 
 (3b) 

12 ( ) ,
1 2 1 2zz zze e f rν + ν σ = µ + − − ν − ν 

 (3c) 

where .rr zze e e eθθ= + +  Besides, the stress tensor compo-
nents have to satisfy the first equilibrium equation: 

0.rrrr

r r
θθσ − σ∂σ

+ =
∂

 (4) 

Finally, introduce Eqs. (3) in Eq. (4) with respect to 
Eqs. (2) and / 0zze r∂ ∂ =  one can obtain the differential 
equation for displacement:  

2

2 2
1 1 .

1
d u du u df
dr r dr r dr

+ ν
+ − =

− ν
 (5) 

The solution of Eq. (5) is well-known and can be writ-
ten in the following form:  

0

1 1 1 ( ) ,
1

r
u Ar B f d

r r
+ ν

= + + ρ ρ ρ
− ν ∫  (6) 

where A and B are unknown coefficients. Taking into ac-
count the Eqs. (2) and Eq. (6) the components of stress 
tensor (3) can be rewritten: 

2 2 0

1 1 12 ( ) ,
1

r

rr A B f d
r r

+ ν
σ = − − µ ρ ρ ρ

− ν ∫   (7a) 

2 2 0

1 1 12 ( ) ( ) ,
1

r
A B f r f d

r rθθ

+ ν  σ = + − µ − ρ ρ ρ − ν  ∫   (7b) 

12 2 (1 ) 2 ( ).
1zz zzА e f r+ ν

σ = ν + µ + ν − µ
− ν

  (7c) 

Here the following notations ar introduced: 

2 ,
1 2

zzA eA + ν
= µ

− ν
  (8a) 

2 .B B= µ  (8b) 

The unknown coefficients ,A  B  and axial strain zze  can 
be obtained from the conditions 

( 0) const,u r → =  (9a) 

( ) 0,rr r bσ = =  (9b) 

0
2 0.

b

zz rdrπ σ =∫  (9c) 

The Eq. (9a) results in B = 0. Therefore, from Eq. (8b) 
we get: 

0.B =  (10a) 

Fig. 1. Sketch of cross section of a radial core-shell NW with 
outer radius b and core radius a. 
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Now the coefficient A  can be derived from the traction 
boundary condition (9b) on the free cylindrical surface: 

2 0

1 12 ( ) .
1

b
A f d

b
+ ν

= µ ρ ρ ρ
− ν ∫  (10b) 

The axial strain ezz can be expressed from the equilib-
rium equation (9c) in integral form as: 

1 .
1zz

Ae − ν
=

+ ν µ



 (10c) 

For axial stress zzσ  one can obtain from the Eqs. (7) 
with respect to Eq. (10c): 

12 2 ( ).
1zz rr A f rθθ

+ ν
σ = σ + σ = − µ

− ν
  (11) 

In order to investigate the influence of core and shell 
interface distinctness on the residual stress state of core-
shell NWs (see Eqs. (7)) the different approximations are 
considered below.  

The Heaviside theta function representation of misfit 
profile f  is the simplest and the most effective approxima-
tion to describe the sharp interfaces, if the mutual penetra-
tion of core and shell atoms is negligibly small: 

1 0 0( ) ( ),f t f t t= Θ −  (12) 

where t = r / b is a normalized radius, 0 /t a b=  is interface 
to NW ratio, 0f  is misfit parameter and Θ is a Heaviside 
theta function. 

In contrast to sharp interfaces, the diffuse interfaces 
are distinguished by a significant mutual penetration of 
core and shell atoms. The following approximations of ei-
genstrain profiles in core-shell NWs can be employed to 
investigate the residual stress state of diffuse interfaces 
(see Fig. 2): 

Piecewise-linear function 

0

2 0 0 0 0

0

1, 0 / 2,
( ) ( ) / 1/ 2, / 2 / 2,

0, / 2,

t t
f t f t t t t t

t t

< ≤ − δ
= − δ + − δ < < + δ
 ≥ + δ

 (13) 

Error function 

0
3 0

1( ) 1+erf ,
2

t tf t f  −  =   α  
 (14) 

Arctangent function 

( ) 0
4 0

1 1 arctan ,
2

t tf t f
  − 

= +  π β  
 (15) 

where δ is the interface width normalized to the radius of 
NW, α and β are parameters defining the distinctness of 
interface. 

Introducing the expressions for approximations under 
consideration (12–15) in Eqs. (7) with regard to Eqs. (10) 
and Eq. (11) one can obtain the analytical solution of the 
elastic problem of core-shell NW subjected to inhomoge-
neous dilatational eigenstrain f (r). The analytical expres-
sions of the elastic stress are given in Appendix A. 

3. RESULTS AND DISCUSSION 

In further analysis of elastic stresses (A.2–A.4) in core-
shell NWs, the approximations describing the diffuse 
(piecewise, error, arctangent functions) and sharp (Heavi-
side theta function) interfaces are presumed to have a com-
mon tangent line at the core-shell boundary 0( )t t=  as it is 
shown in Fig. 2. 

The distributions of the radial stress rrσ  in core-shell 
NW for different eigenstrain approximations are depicted in 
Fig. 3. The fulfillment of boundary condition (9b) at the 
outer cylindrical surface (t = 1) for all approximations is 
demonstrated. As it is seen from Fig. 3 the curves of diffuse 
IPhBs significantly differ from the curve of sharp IPhBs in 
the vicinity of interface 0( )t t= . Besides, the arctangent ap-
proximation for given parameters takes less absolute value 
of radial stress in core region then it is predicted by other 
approximations. This discrepancy can be explained by the 
fact that the value of ratio 0/f f  for arctangent function is 
not close enough to other approximations at t = 0 and t = 1 

Fig. 2. Dependencies of the normalized eigenstrain deformation 
function  on normalized radial coordinate t = r / b in core-
shell NWs. Here black, blue, red and green curves correspond to 
Heaviside theta, piecewise-linear (δ = 0.1), error (α = 0.1 / π1/2), 
and arctangent (β = 0.1 / π) eigenstrain deformation functions  
respectively. 
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for prescribed parameter β = δ / π (see Fig. 2) and can be 
eliminated if parameter β tends to 0. 

The dependences of hoop stress θθσ  on normalized ra-
dial coordinate t for different eigenstrain approximations 
in NW is illustrated in Fig. 4. What can be clearly seen in 

Fig. 4 is that for all approximations the local maximum is 
detected in the shell region. The peak stress decreases and 
shifts toward outer interface if the interface distinctness 
reduces. 

The axial stress zzσ  in core-shell NW demonstrated in 
Fig. 5. It is proportional to the eigenstrain function ( )f t  
according to the Eq. (11). Therefore, the stress in NW with 
sharp interface is homogenous in core and shell, while the 
ones in NW with diffuse interface are inhomogeneous in 
core and shell. 

As it seen from Figs. 3–5 the highest absolute values 
of stress components are observed in NW subjected to ei-
genstrain with Heaviside theta profile, whereas the lowest 
absolute values of stress components are detected in NW 
subjected to eigenstrain with arctangent function profile 
for given parameters of approximation.  

4. CONCLUSIONS 

In summary, the theoretical model describing the misfit 
stress of core-shell NWs containing the diffuse IPhBs with 
different range of distinctness has been proposed. We 
treated a core-shell NW as an elastic cylinder subjected to 
inhomogeneous eigenstrain determined by piecewise-lin-
ear, error and arctangent approximations. The nonzero com-
ponents of stress tensor have been obtained analytically for 
aforementioned approximations. It has been shown that the 
stress concentration phenomenon is strongly depended on 
interface distinctness defined by eigenstrain profiles: the 

Fig. 3. Dependencies of the normalized radial stress components 
on normalized radial coordinate t = r / b in core-shell 

NWs. Here black, blue, red and green curves correspond to 
Heaviside theta, piecewise-linear (δ = 0.1), error (α = 0.1 / π1/2), 
and arctangent (β = 0.1 / π) eigenstrain deformation functions  
respectively. 

Fig. 4. Dependencies of the normalized hoop stress components 
 on normalized radial coordinate t = r / b in core-shell 

NWs. Here black, blue, red and green curves correspond to 
Heaviside theta, piecewise-linear (δ = 0.1), error (α = 0.1 / π1/2), 
and arctangent (β = 0.1 / π) eigenstrain deformation functions  
respectively. 

Fig. 5. Dependencies of the normalized axial stress components 
 on normalized radial coordinate t = r / b in core-shell 

NWs. Here black, blue, red and green curves correspond to 
Heaviside theta, piecewise-linear (δ = 0.1), error (α = 0.1 / π1/2), 
and arctangent (β = 0.1 / π) eigenstrain deformation functions  
respectively. 
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less the interface distinctiveness, the less stress magnitude 
in NW. In case of eigenstrain functions with the same tan-
gent at 0t t= , the lowest stress magnitudes correspond to the 
NW with arctangent approximation of eigenstrain defor-
mation. Overall, it is worth noting that the piecewise linear 
eigenstrain approximation seems to be more effective to de-
velop theoretical model of misfit stress relaxation in core-
shell NWs with diffuse interface due to the facts that the 
misfit stress induced by the piecewise linear eigenstrain can 
be expressed in terms of power polynomials and parameter 
δ has a clear physical meaning of diffuse interface transient 
region. 
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APPENDIX A 

Analytical expressions of the elastic stress tensor compo-
nents in radial NWs subjected to inhomogeneous 

dilatational eigenstrain demonstrated in Fig. 2 are intro-
duced below.  

The stress tensor components in core-shell NWs with 
the Heaviside theta eigenstrain profile attributed to the 
sharp interfaces are well-known (see, for example, 
Ref. [11]): 

2
0 0

(1)
0 2

0 02

1, 0 ,
11 , 1,rr

t t t

t t t
t

 −  ≤ ≤
σ = σ   −  < ≤   

 (A.1a) 
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0 02
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11 , 1,

t t t

t t t
t

θθ
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σ = σ   +  < ≤   

 (A.1b) 

2
0 0(1)

0 2
0 0

1, 0 ,
2

, 1,zz

t t t

t t t

 − ≤ ≤σ = σ 
< ≤

 (A.1c) 

where 0 0 (1 ) / (1 ).fσ = µ + ν − ν  
The nonzero stress tensor components in core-shell 

NWs with piecewise-linear eigenstrain profile are ob-
tained in this work as follows: 
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
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The nonzero stress tensor components in core-shell 

NWs with error function eigenstrain profile are obtained 
in this work as follows: 

2 2 2 2 2
(3) 0 0 0 0

0 2

2( ) 2(1 ) 1
erf erf

44rr
t t t t t t

t
 − − α − − − α −

σ = σ − α α
 

( )2 2 2 2
00 0 0

2 22

(2 )( 1) ( )
erf exp

4 2
t tt t t t t
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2 22
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The nonzero stress tensor components in core-shell 
NWs with arctangent function eigenstrain profile are ob-
tained in this work as follows: 
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Напряжения несоответствия в радиальных нанопроволоках типа 
«ядро-оболочка» с диффузными границами раздела 
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Аннотация. Предложены упругие модели радиальных нанопроволок типа «ядро-оболочка» с диффузными межфазными гра-
ницами различной степени размытости. Распределение напряжений несоответствия в подобных нанопроволоках описано на 
основе концепции собственной деформации, которая определялась с помощью параметра несоответствия и аппроксимирова-
лась кусочно-линейной функцией, функцией ошибки и арктангенсом. В рамках указанных аппроксимаций проведен подроб-
ный анализ поля упругих напряжений в нанопроволоках типа «ядро-оболочка», получены соответствующие зависимости и 
аналитические выражения. 

Ключевые слова: нанопроволока типа «ядро-оболочка»; диффузные границы; напряжения несоответствия 
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